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Abstract. In this paper, we derive n-fold Darboux transformation of the two-component
Hirota and the Maxwell-Bloch(TH-MB) equations and its determinant representation. Using
Darboux determinant representation, we provide soliton solutions, positon solutions of the
TH-MB equations.
PACS numbers: 42.65.Tg, 42.65.Sf, 05.45.Yv.
Nonlinear science as a powerful subject explains all kinds of mysteries in the challenges
of science and technology today. In the nonlinear science, solitons and positons in nonlinear
dynamical systems attract a lot of research in oceanography, Bose-Einstein condensate, plasma,
superfluid and especially in optics([1, 2, 3, 4, 5]).
For a reduced dynamical equation, the erbium-doped fibre system was proven to allow soliton-
type pulse propagation with pumping[6]. The Lax pair and the exact soliton solution for
Higher-order nonlinear Schro¨dinger and Maxwell-Bloch(HNLS-MB) equations with pumping
was derived in [6]. Kodama[7] shows that with suitable transformation and omitting the higher-
order terms, higher order Nonlinear Schro¨dinger equation equation can be reduced to the Hirota
equation[8]. In a similar way, after suitable choice of self steepening and self frequency effects,
the HNLS-MB equations can be reduced to a coupled system of the Hirota equation and MB
equation(H-MB) which is governed by femtosecond pulse propagation through doped fibre[9].
The H-MB system has been shown to be integrable with Lax pair [9]. By an efficient method
which is called Darboux transformation [10], the determinant representation of n-fold Darboux
transformation of AKNS system was given in [11]. In [12, 13], Darboux transformation and the
rogue wave solutions of the H-MB equations were obtained using the Darboux transformation.
Recently, n-fold Darboux transformation and positon solutions of the inhomogeneous Hirota-
Maxwell-Bloch system is revealed in [14]. Soliton interactions in a generalized inhomogeneous
coupled Hirota-Maxwell-Bloch system were also considered in [15] with symbolic computation.
The two-component Hirota and Maxwell-Bloch equations [16] as a coupled version of the Hirota
and Maxwell-Bloch equations includes all the important effects like the SIT in a Kerr medium
with magnetisation, higher order dispersion and self-steepening. These effects play a very
important role in the ultra-short pulse propagation of the order of femto seconds in nonlinear
optical fibres. That is why we consider the Darboux transformation which is very useful to
derive all kinds of solutions of the TH-MB equations which should be useful in explaining
phenomenons of nonlinear optics.
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2013A610105, and the K. C. Wong Magna Fund in Ningbo University.
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The two-component Hirota-Maxwell-Bloch equation is as following[16]
E1z =
1
2
iβE1tt + iAβE1 + (E1ttt + 3AE1t + 3BE1)− p1, (1)
E2z =
1
2
iβE2tt + iAβE2 + (E2ttt + 3AE2t + 3BE2)− p2, (2)
p1t = −NE1 +M11E1 +M21E2 + ωip1, (3)
p2t = −NE2 +M12E1 +M22E2 + ωip2, (4)
M11t = −E1p∗1 − E∗1p1, (5)
M12t = −E∗1p2 − E2p∗1, (6)
M21t = −E1p∗2 − E∗2p1, (7)
M22t = −E2p∗2 − E∗2p2, (8)
Nt = E1p
∗
1 + E
∗
1p1 + E2p
∗
2 + E
∗
2p2, (9)
A := |E1|2 + |E2|2, B := E1tE∗1 + E2tE∗2 . (10)
The corresponding linear eigenvalue problem can take the form
Φt = UΦ, (11)
Φz = V Φ, (12)
where
U =
−iλ E1 E2−E∗1 iλ 0
−E∗2 0 iλ
 = −iλσ3 + U0, (13)
V = λ3V3 + λ
2V2 + λV1 + V0 +
i
λ+ ω
2
V−1, (14)
V3 := −8i
0 0 00 1 0
0 0 1
 , V2 :=
 0 E1 E2−E∗1 0 0
−E∗2 0 0
 ; V1 :=
|E1|2 + |E2|2 E1t E2tE∗1t −|E1|2 −E2E∗1
E∗2t −E1E∗2 −|E2|2
 ;
V0 :=
E1tE∗1 − E∗1tE1 + E2tE∗2 − E∗2tE2 E1tt + 2E1(|E1|2 + |E2|2) E2tt + 2E2(|E1|2 + |E2|2)−E∗1tt − 2E∗1(|E1|2 + |E2|2) −(E1tE∗1 − E∗1tE1) −(E2tE∗1 − E∗1tE2)
−E∗2tt − 2E∗2(|E1|2 + |E2|2) −(E1tE∗2 − E∗2tE1) −(E2tE∗2 − E∗2tE2)
 ;
V−1 :=
1
2
N p1 p2p∗1 M11 M12
p∗2 M21 M22.
 , σ3 =
1 0 00 −1 0
0 0 −1
 , U0 =
 0 E1 E2−E∗1 0 0
−E∗2 0 0
 . (15)
Here E1 and E2 are the slowly varying amplitudes of the signal, pi, i = 1, 2 and Mij, i, j = 1, 2
are the electric and magnetic polarizations respectively, β and  are constants and N is the
concentration of resonant atoms, ∗ means complex conjugation.
For the H-MB equation and inhomogeneous H-MB equation, the Darboux transformation is
constructed in [12, 14]. But for the TH-MB, because of its complexity, the Darboux transfor-
mation and reduction conditions are still not clear. Using above linear equations of TH-MB
equations, one-fold Daroux transformation for TH-MB equation will be introduced in the next
section.
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Firstly, one consider the transformation about linear function Φ by
Φ′ = TΦ = (λA− S)Φ, (16)
where
A =
a11 a12 a13a21 a22 a23
a31 a32 a33
 , S =
s11 s12 s13s21 s22 s23
s31 s32 s33
 . (17)
New function Φ′ is supposed to satisfy
Φ′t = U
′Φ′, (18)
Φ′z = V
′Φ′. (19)
Then matrix T must satisfy following identities
Tt + TU = U
′T, (20)
Tz + TV = V
′T. (21)
One can choose T = λI−S and then the Darboux transformation onE1, E2, p1, p2, N,M11,M12,M21,M22
can be got by eq. (20) and eq. (21) as following
U ′0 = U0 + i[S, σ3], (22)
V ′−1 = (S +
ω
2
)V−1(S +
ω
2
)−1, (23)
and S should have a condition as s21 = −s∗12, s31 = −s∗13.
We suppose
S = HΛH−1 (24)
where Λ =
λ1 0 00 λ2 0
0 0 λ3
, H =
Φ1(λ1, t, z) Φ1(λ2, t, z) Φ1(λ3, t, z)Φ2(λ1, t, z) Φ2(λ2, t, z) Φ2(λ3, t, z)
Φ3(λ1, t, z) Φ3(λ2, t, z) Φ3(λ3, t, z)
 :=
Φ1,1 Φ1,2 Φ1,3Φ2,1 Φ2,2 Φ2,3
Φ3,1 Φ3,2 Φ3,3
 .
In order to satisfy the constraints of S, meanwhile make V ′−1 having similar form as V−1, i.e.
s21 = −s∗12, s31 = −s∗13, following constraint will be considerd
λ3 = λ2 = λ
∗
1, H =
Φ1(λ1, t, z) Φ∗2(λ1, t, z) Φ∗3(λ1, t, z)Φ2(λ1, t, z) −Φ∗1(λ1, t, z) 0
Φ3(λ1, t, z) 0 −Φ∗1(λ1, t, z)
 .
As the simplest Darboux transformation, the determinant representation of one-fold Darboux
transformation of the TH-MB equations will be given in the following theorem.
Theorem 1: The one-fold Darboux transformation of the TH-MB equations is as following
T1(λ, λ1, λ2, λ3) = λI + t
[1]
0 =
1
∆1
(T1)11 (T1)12 (T1)13(T1)21 (T1)22 (T1)23
(T1)31 (T1)32 (T1)33
 , (25)
where for 1 ≤ i, j, k,m ≤ 3
∆1 = det (W1)3×3 , (T1)km = det
(
pm λ
δkm
W1 q
T
k
)
4×4
.
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The matrix W1 and row vectors pm, qk are defined as,
(W1)ij = Φj,i, (pm)j = δm,j, qk =
(
λ1Φk,1 λ2Φk,2 λ3Φk,3
)
. (26)
The following identities gives Darboux transformation of the TH-MB equation,
U [1] = U + [σ3, T1], V
[1]
−1 = T1|λ=−ω2 V−1T−11 |λ=−ω2 . (27)
Eqs.(27) will give one-fold Darboux transformation about E1, E2 as
E
[1]
1 = E1 − 2is12 = E1 + 2i
(T1)12
∆1
, E
[1]
2 = E2 − 2is13 = E2 + 2i
(T1)13
∆1
, (28)
and one-fold Darboux transformation about p1, p2, N,M11,M12,M21,M22 of the TH-MB equa-
tions in complicated forms.
Because the one-fold Darboux transformation about p1, p2, N,M11,M12,M21,M22 of the TH-
MB equations is in very complicated forms, therefore we have to omit it here for saving space.
This one-fold transformation will be used to generate one-soliton solution from trivial seed
solution of the TH-MB equation.
In the next part, we will give determinant representation of the n-fold Darboux transfor-
mation of the TH-MB equations. Firstly, we introduce 3n eigenfunctions Φi =
Φ1,iΦ2,i
Φ3,i
 , i =
1, 2, . . . , 3n and Φi = Φ(λ = λi), with constraints on eigenvalues as λ3n+1 = λ3n = λ
∗
3n−1 and
the reduction conditions on eigenfunctions as
Φ3n−1,2 = Φ3n,3 = −Φ∗3n−2,1, Φ3n−2,2 = Φ∗3n−1,1, Φ3n−2,3 = Φ∗3n,1,Φ3n−1,3 = Φ3n,2 = 0.
(29)
We can also derive the n-fold Darboux transformation in form of a huge determinant in the
following theorem.
Theorem 2: The n-fold Darboux transformation for solutions of the TH-MB equations can
be represented as
Tn(λ;λ1, λ2, λ3, λ4, . . . , λ3n) = λ
nI + t
[n]
n−1λ
n−1 + · · ·+ t[n]1 λ+ t[n]0
=
1
∆n
(Tn)11 (Tn)12 (Tn)13(Tn)21 (Tn)22 (Tn)23
(Tn)31 (Tn)32 (Tn)33
 , (30)
U
[n]
0 = U0 + t
[n]
n−1(−iσ3)− (−iσ3)t[n]n−1, (31)
V
[n]
−1 = Tn|λ=−ω2 V−1T−1n |λ=−ω2 , (32)
where for 1 ≤ i, j, k,m ≤ 3n
∆n = det (Wn)3n×3n , (Tn)km = det
(
pm λ
nδkm
Wn q
T
k
)
(3n+1)×(3n+1)
.
The matrix Wn and row vectors pm, qk are defined as,
(Wn)ij = Φj¯,iλ
[ j
3
]
i , (pm)j = δm,j¯λ
b j
3
c, qk =
(
λn1 Φk,1 λ
n
2 Φk,2 . . . λ
n
3nΦk,3n
)
. (33)
b j
3
c means the floor function of j
3
, and j¯ means the remainder of j modulo 3.
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The n-th new solution E
[n]
1 , E
[n]
2 after the n-fold Darboux transformation of the TH-MB
equations will be
E
[n]
1 = E1 + 2i(t
[n]
n−1)12, E
[n]
2 = E2 + 2i(t
[n]
n−1)13, (34)
where (t
[n]
n−1)12 is the element at the first row and second column in the matrix of t
[n]
n−1. The
formula for the new solutions p
[n]
1 , p
[n]
2 , N
[n],M
[n]
11 ,M
[n]
12 ,M
[n]
21 ,M
[n]
22 is just as the solutions after
one fold Darboux transformation p
[1]
1 , p
[1]
2 , N
[1],M
[1]
11 ,M
[1]
12 ,M
[1]
21 ,M
[1]
22 in by changing T1 to Tn.
So far, we discussed about the determinant construction of n-th Darboux transformation of
the TH-MB equations. As an application of these transformations of the TH-MB equations,
soliton solutions and positon solutions will be constructed in the next section. Particularly we
use the 2-fold Darboux transformation to generate two-soliton solutions and positon solutions
of the TH-MB equation.
We assume trivial seed solutions as E1 = 0;E2 = 0; p1 := 0; p2 := 0;N := 1;M11 := 1;M12 :=
0;M21 := 0;M22 := 1, then the linear equations lead to eigenfunctions
Φ1 = exp(
1
2λ+ ω
zi− λti), (35)
Φ2 = Φ3 = exp(
(−16λ4 − 8λ3ω + 4βλ3 + 2βλ2ω + 1)zi
2λ+ ω
+ λti). (36)
Substituting these two eigenfunctions into the one-fold Darboux transformation eq.(28)and
choosing λ = α1 + β1i, then the following solition solutions are obtained:
E
[1]
1 = E
[1]
2 = −4β1
e
2A
(2α1+2iβ1+ω)(−2α1+2iβ1−ω)
e
16zα21β1(12α
2
1+12ωα1+3ω
2+8β21)
(2α1+2iβ1+ω)(−2α1+2iβ1−ω) + 2e
4β1B
(2α1+2iβ1+ω)(−2α1+2iβ1−ω)
,
where
A : = 4tβ31 + 48zα
4
1β1 + 32zα
2
1β
3
1 + 8zβα
3
1β1 + 8zββ
3
1α1
+4zω2β31 + 4tωα1β1 + tα1ω
2i− 16izα51 − 4izββ41 + 4izβα41
+4itωα21 + 4itα1β
2
1 + 48zωα
3
1β1 + 12zω
2α21β1 + 8zβωα
2
1β1
+2zβω2α1β1 + 16zωα1β
3
1 + 16zβ
5
1 + 4tα
2
1β1 + tβ1ω
2 + 4itα31
+zβω2α21i+ 32izα
3
1β
2
1 + 48izβ
4
1α1 + 4izβα
3
1ω − 16izα41ω
−4izω2α31 − izβω2β21 − 4izβα1β21ω + 12izω2α1β21 + 48izα21β21ω,
B : = 16zβ41 + 4tα
2
1 + 8zβωα
2
1 + 2zβω
2α1 + 4tωα1 + 16zωα1β
2
1
+4zω2β21 + 4tβ
2
1 + 8zββ
2
1α1 + tω
2 + 8zβα31.
Similarly, substituting the eigenfunctions eq.(35)-eq.(36) into the one-fold Darboux transfor-
mation eq.(28), and taking α = 2, β = −1, then the one-solition solutions of the classical
TH-MB equations can be obtained whose evolution is given in Fig.1, which clearly indicates
that E1 = E2 are bright solitons because their waves are above the flat non-vanishing plane.
The other solutions keep initial values as following
N [1] = 1,M
[1]
11 = 1,M
[1]
12 = 0,M
[1]
21 = 0,M
[1]
22 = 1, p
[1]
1 = 0, p
[1]
2 = 0. (37)
After considering the two-fold Darboux transformation and supposing α1 = 1, β1 = 1.5, α2 =
1.5, β2 = 1, ω = 1,  = 1, β = 1, two-soliton solutions E
[2]
1 , E
[2]
2 are as Fig. 2.
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(|E[1]1 |2)
Figure 1. One solition solution E
[1]
1 = E
[1]
2 of the TH-MB equations when ,  =
1, β = 1, ω = 1, α1 = 1, β1 = 2.
(|E[2]1 |2)
Figure 2. Two solition solution E
[2]
1 = E
[2]
2 of the TH-MB equations when
α1 = 1, β1 = 1.5, α2 = 1.5, β2 = 1, ω = 1,  = 1, β = 1.
For the above two-soliton solutions, if the second spectral parameter λ2 is close to the first
spectral parameter λ1, doing the Taylor expansion of wave function to first order up to λ1 will
lead to a new kind of solutions which is called positon solutions. Firstly, following four linear
eigenfunctions will be got which will be used to construct the second Darboux transformation
and to generate the positon solutions,
Φ1,1 = exp(
1
2λ1 + ω
zi− λ1ti), Φ4,1 = exp( 1
2λ2 + ω
zi− λ2ti), (38)
Φ2,1 = Φ3,1 = exp(
(−16λ41 − 8λ31ω + 4βλ31 + 2βλ21ω + 1)zi
2λ1 + ω
+ λ1ti), (39)
Φ5,1 = Φ6,1 = exp(
(−16λ42 − 8λ32ω + 4βλ32 + 2βλ22ω + 1)zi
2λ2 + ω
+ λ2ti). (40)
Now we take λ2 = λ1 +(1+i) and using the Taylor expansion of wave function Φ4,1,Φ5,1,Φ6,1
up to first order of  in terms of λ1. On substitution of these manipulations into the second
Darboux transformation discussed in the last section will help us to derive positon solutions.
The pictorial representation of positon solutions of the TH-MB equations, i.e. the case when
α1 = 1, β1 = 1.5, ω = 1,  = 1, β = 2, ω = 1.5 is shown in Fig.3.
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(|E1|2) (|E2|2)
Figure 3. One positon solution (E1, E2) of the TH-MB equations when α1 =
1, β1 = 1.5, ω = 1,  = 1, β = 2, ω = 1.5.
When α1 = 1, β1 = 1.5, ω = 1,  = 1, β = 0, ω = 1.5, i.e. the case of two-component complex
modified Korteweg-de Vries(TCMKdV)-MB equations, the picture of positon solutions of the
TCMKdV-MB equations is plotted in Fig.4.
(|E1|2) (|E2|2)
Figure 4. One positon solution (E1, E2) of the TMKDV-MB equations when
α1 = 1, β1 = 1.5, ω = 1,  = 1, β = 0, ω = 1.5.
Comparing positons with two solitons, one can find positons are long-range analogues of
solitons and slowly decreasing, oscillating solutions. Though each branch of the positon will
separate finally during their propagating, the separation becomes slower and slower because λ2
infinitely approach to λ1.
In a similar way, using the higher order Darboux transformation, one can also generate
higher-order positon solutions which will not be included here.
The authors would like to thank Professor Jingsong He for helpful discussions.
References
[1] Osborne A 2010 Nonlinear Ocean Waves and the Inverse Scattering Transform (New York, Elsevier)
[2] Hasegawa A and Tappert F 1973 Appl. Phys. Lett. 23 142-144
[3] Wu Y and Yang X 2007 Appl. Phys. Lett. 91 094104
[4] Wu Y 2005 Phys. Rev. A 71 053820
[5] Wu Y and Deng L 2004 Opt. Lett. 29 2064-2066
[6] Nakkeeran K 2000 J. Phys. A: Math. Gen. 33 4377-4381
[7] Kodama Y 1985 Phys. Lett. A 112 193-196
[8] Hirota R 1973 J. Math. Phys. 14 805
8 JIEMING YANG, CHUANZHONG LI**, TIANTIAN LI, ZHAONENG CHENG
[9] Porsezian K and Nakkeeran K 1995 Phys. Rev. Lett. 74 2941
[10] Matveev V B Salle M A 1991 Darboux transformations and solitons (Berlin, Springer)
[11] He J S Zhang L Cheng Y and Li Y S 2006 Sci. China A 12 1867-78
[12] Li C Z, He J S and Porsezian K 2013 Physical Review E 87 012913
[13] Li C Z, He J S and Porsezian K 2013 Chin. Phys. B 22 4 044208
[14] Li C Z, He J S 2013 SCIENCE CHINA Physics Mechanics and Astronomy(in press) arXiv:1210.2501
[15] Xue Y S, Tian B, etal. 2011 Nonlinear Dynamics 67 2799-2806
[16] Porsezian K, Mahalingam A and Shanmugha Sundaram P 2000 Chaos, Solitons and Fractals 11 1261-
1264
